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Abstract 

A spectral theory of linear operators on rigged Hilbert spaces (Gelfand triplets) is devel- 
oped under the assumptions that a linear operator T on a Hilbert space "H is a perturbation 
<^ I of a selfadjoint operator, and the spectral measure of the selfadjoint operator has an ana- 

lytic continuation near the real axis. It is shown that there exists a dense subspace X of 
^ . "K such that the resolvent {A - T)~^(p of the operator T has an analytic continuation from 

the lower half plane to the upper half plane for any cp e X, even when T has a continuous 
J2L| I spectrum on R, as an X'-valued holomorphic function, where X' is a dual space of X. The 

C/^ ■ rigged Hilbert space consists of three spaces X G'H <z X'. Basic tools of the usual spec- 

^ . tral theory, such as spectra, resolvents and Riesz projections are extended to those defined 

c^ ! on a rigged Hilbert space. They prove to have the same properties as those of the usual 

spectral theory. The results are applied to estimate exponential decays of the semigroups 
of linear operators. 
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1 Introduction 



A spectral theory of linear operators on topological vector spaces is one of the funda- 
mental tools in functional analysis. Spectra of linear operators provide us with much 
information about the operators. However, there are phenomena that are not explained by 
^ . spectra. For example, a solution x(t) of a linear evolution equation dx/dt = Tx on an infi- 

nite dimensional space can decay exponentially as t increases even if the linear operator T 
does not have spectrum on the left half plane. Such an exponential decay of a solution is 
known as Landau damping in plasma physics f5l|, and is often observed for Schrodinger 
operators [[HI [T3- Now it is known that such an exponential decay can be induced by 
resonance poles or generalized eigenvalues. 

In the literature, resonance poles are defined as follows: Let T be a selfadjoint operator 
(for simplicity) on a Hilbert space IH with the inner product ( • , • ). The spectrum <t{T) of 
T lies on the real axis. By the definition of the spectrum, the resolvent {A - Ty^ diverges 
in norm when A € cr{T). However, the matrix element {{A - T)~^^,(f)) for some "good" 
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function tp e "H may exist for A 6 <t{T), and the function f{A) = {(A - Ty^cp^cp) may 
have an analytic continuation from the lower half plane to the upper half plane through an 
interval on cr{T). Then, the analytic continuation may have poles on the upper half plane, 
which is called a resonance pole or a generalized eigenvalue. In general, the pole is not 
an eigenvalue of T , however, it is expected to have similar properties to eigenvalues. 

The defects in such an approach to resonance poles are that it is not obvious that there 
exists an eigenvector associated with a resonance pole. Since an eigen-equation for a 
resonance pole is not defined, a corresponding eigenspace and an algebraic multiplicity 
are not defined. The purpose in this paper is to give a correct formulation of resonance 
poles in terms of operator theory on rigged Hilbert spaces (Gelfand triplets). 

To explain our idea based on rigged Hilbert spaces, let us consider the multiplication 
operator A\ : (p{oS) i-^ axpioS) on the Lebesgue space L^(R). The resolvent is given as 



L^- 



{{A - M)">, (A) = (p(oj)i^ioj)doj. 

CO 

In general, the integral in the right hand side diverges for /I e R. However, if and ip 
have analytic continuations near the real axis, the quantity in the right hand side has an 
analytic continuation from the lower half plane to the upper half plane, which is given by 



I (p(co)il/(co)doj + In V^</'(/l)(A(/l). 

J^A-u) 



Let X be a dense subspace of L^(R) consisting of functions having analytic continuations 
near the real axis. A mapping, which maps e X to the above value, defines a continuous 
linear functional on X, that is, an element of the dual space X' , if X is equipped with a 
suitable topology. Motivated by this idea, we define the linear operator A(/i) : X ^ X' to 
be 

I il/(co)(f>(io)dco + 2n V^il/(A)(f)(A) (Im(A) > 0), 

JtiA-oj 



(AU¥I0) 



lim I -= il/(co)(p(co)daj (x = A 6 R), (1.1) 

y-'-^jRx+ ^Hly-co 

I il/(co)(f>(io)dco (Im(/l) < 0), 

t JrA-OJ 



for iff,(f> e X, where ( • | • ) is a paring for (X',X). When Im(^) < 0, AiA) = {A - My\ 
while when lm(A) > 0, A(A)i^ is not included in L^(R) but an element of X'. In this sense, 
A(A) is called the analytic continuation of the resolvent of M in the generalized sense. In 
this manner, the triplet X c L^(R) c X', which is called the rigged Hilbert space or the 
Gelfand triplet [[81 [HI, is introduced. 

In this paper, a spectral theory on a rigged Hilbert space is proposed for an operator 
of the form T = H + K, where H is a selfadjoint operator on a Hilbert space "Ti, whose 
spectral measure has an analytic continuation near the real axis, when the domain is re- 
stricted to some dense subspace X of 'H, as above. K is an operator densely defined on 
X satisfying certain boundedness conditions. Our purpose is to investigate spectral prop- 
erties of the operator T = H + K. At first, the analytic continuation A{A) of the resolvent 



(A - Hy^ .'H^'Hh defined as an operator from X into X' in the same way as Eq. Ol.ll) . 
In general, A{A) : X ^> X' h defined on a nontrivial Riemann surface of A so that when 
A lies on the original complex plane, it coincides with the usual resolvent {A - Hy^ . By 
using the operator A{A) and a rigged Hilbert space, resonance poles are defined in the 
following way : If the equation 

{id - AiAW)^ = (1.2) 

has a nonzero solution yu in X', such a /I is called a generalized eigenvalue (resonance 
pole) and // is called a generalized eigenfunction, where K^ : X' ^> X' is a dual operator 
of K. When A lies on the original complex plane, the above equation is reduced to the 
usual eigen-equation {A - T)fi = 0. In this manner, resonance poles and corresponding 
eigenfunctions are naturally obtained without using matrix elements. 

Similarly, an analytic continuation of the resolvent of T in the generalized sense is 
defined to be 

I^A = AiA) o {id - K''A{A)) -.X^X'. (1.3) 

When A lies on the original complex plane, this is reduced to the usual resolvent {A - 
Ty^. With the aid of the generalized resolvent 'R^i, basic notions in the usual spectral 
theory, such as eigenspaces, algebraic multiplicities, point/continuous/residual spectra, 
Riesz projections are extended to those defined on a rigged Hilbert space. It is shown that 
they have the same properties as the usual theory. For example, the generalized Riesz 
projection Ho for an isolated resonance pole Aq is defined by the contour integral of the 
generalized resolvent. 



no = — — n.dA-.x^r. (i.4) 

Properties of the generalized Riesz projection Hq is investigated in detail. It is proved that 
the range of the generalized Riesz projection around an isolated resonance pole coincides 
with the generalized eigenspace of the resonance pole. Any function (p e X proves to be 
uniquely decomposed as = //i + ij.2, where yUi e IIoZ and /i2 = {id - TVo)X, both of 
which are elements oiX' . These results play an important role when applying the theory 
to dynamical systems HI. The generalized Riesz projection around a resonance pole A^ 
on the left half plane (resp. on the imaginary axis) defines a stable subspace (resp. a 
center subspace) in the generalized sense, both of which are subspaces of X'. The results 
in the present paper enable us to investigate the asymptotic behavior and bifurcations of 
an infinite dimensional dynamical system with the aid of the dual space X' , even when a 
given dynamical system is defined on X. Such a dynamics induced by a resonance pole is 
not captured by the usual eigenvalues. 

Many properties of the generalized spectrum (the set of singularities of K^) will be 
shown. In general, the generalized spectrum consists of the generalized continuous spec- 
trum, the generalized residual spectrum and the generalized point spectrum (the set of 
resonance poles). If the operator K satisfies a certain compactness condition, the Riesz- 
Schauder theory on a rigged Hilbert space applies to conclude that the generalized spec- 
trum consists only of a countable number of resonance poles having finite multiplicities. 
It is remarkable that even if the operator T has the continuous spectrum (in the usual 



sense), the generalized spectrum consists only of a countable number of resonance poles 
when K satisfies the compactness condition. Since the topology on the dual space X' 
is weaker than that on the Hilbert space "H, the continuous spectrum of T disappears, 
while eigenvalues remain to exist as the generalized spectrum. This fact is useful to es- 
timate embedded eigenvalues. Eigenvalues embedded in the continuous spectrum is no 
longer embedded in our spectral theory. Thus, the Riesz projection is applicable to obtain 
eigenspaces of them. Our theory is used to estimate an exponential decay of the semi- 
group e^^^' generated by V-Tr. It is shown that resonance poles induce an exponential 
decay of the semigroup even if the operator V-Tr has no spectrum on the left half plane. 

A spectral theory developed in this paper is applied to a bifurcation problem of infinite 
dimensional nonlinear dynamical systems in [4J. In Q, a bifurcation structure of an 
infinite dimensional coupled oscillators is investigated by means of rigged Hilbert spaces. 
It is shown that when a resonance pole, which is obtained by the linearization of the 
system around a steady state, gets across the imaginary axis as a parameter of the system 
varies, then a bifurcation occurs. Applications to Schrodinger operators will appear in a 
forthcoming paper. 

Throughout this paper, D(-) and R(-) denote the domain and range of an operator, 
respectively. 



2 Spectral theory on a Hilbert space 

This section is devoted to a review of the spectral theory of a perturbed selfadjoint operator 
on a Hilbert space to compare the spectral theory on a rigged Hilbert space developed after 
Sec. 3. Let "K be a Hilbert space over C. The inner product is defined so that 

ia4),i//) = {(p,aip) = a{(p,ifj), (2.1) 

where a is the complex conjugate of a e C. Let us consider an operator T := H + K 
defined on a dense subspace of 'H, where H is a selfadjoint operator, and K is a compact 
operator on "K which need not be selfadjoint. Let A and v = v^ be an eigenvalue and an 
eigenfunction, respectively, of the operator T defined by the equation Av = Hv + Kv. This 
is rearranged as 

{A - H){id -{A- H)-^K)v = 0, (2.2) 

where id denotes the identity on "K. In particular, when A is not an eigenvalue of H, it is 
an eigenvalue of T if and only if id - {A- Hy^K is not injective in 'H. Since the essential 
spectrum is stable under compact perturbations (see Kato lfT2]| ). the essential spectrum 
(TeiT) of T is the same as that of H, which lies on the real axis. In general, (Te{T) includes 
both of the continuous spectrum and eigenvalues. Since ^ is a compact perturbation, the 
spectrum outside the real axis consists of the discrete spectrum; for any 6 > 0, the number 
of eigenvalues satisfying |Im(/l)| > 5 is finite, and their algebraic multiplicities are finite. 
Eigenvalues may accumulate only on the real axis. To find eigenvalues embedded in the 
essential spectrum CTgiT) is a difficult and important problem. In this paper, a new spectral 
theory on rigged Hilbert spaces will be developed to obtain such embedded eigenvalues 
and corresponding eigenspaces. 



Let Ra = {A - T) ' be the resolvent, which is given by 
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Ra(P = {A - HT^ (id - K{A - H)'^) 0, G "K. (2.3) 

Let Aj be an eigenvalue of T outside the real axis, and jj be a simple closed curve en- 
closing Aj separated from the rest of the spectrum. The projection to the generalized 
eigenspace Vj := IJ«>i Ker(/ly - T)" is given by 



In V^ Jy, 



R^dA. (2.4) 

yj 



^^Tt 



e 



Let us consider the semigroup e^^^' generated by ^T-IT . Since ^T-IH generates 
the C^'-semigroup e^^"' and K is compact, V-Tr also generates the C°-semigroup (see 
Kato IfT^ ). It is known that e^^^' is obtained by the Laplace inversion formula (Hille 
and Phillips IfTOl ) 

^lim e'^'^'iA-TT^dA, x,yeR, (2.5) 

for f > 0, where y > is chosen so that all eigenvalues Aof T satisfy lm{A) > -y. Thus 
the contour is the horizontal line on the lower half plane. Let e > be a small number and 
Ao, ■ ■ ■ ,An eigenvalues of T satisfying lm(Aj) < -s, j = 0,- ■ ■ ,N. The residue theorem 
provides 

2;rV^ Jr 

+^^V fe^^'iA-TT'dA, 

where yj is a sufficiently small closed curve enclosing Aj. Let Mj be the smallest integer 
such that (Aj - T)'^Jllj = 0. This is less or equal to the algebraic multiplicity of Aj. Then, 
gy^Tt jg calculated as 

L^ fe^'^'^'^Xx-yTie-Ty'dx 

2n^^lJR 

;=0 k=0 

The second term above diverges as f ^ oo because Re( V-T/l^) > s. On the other hand, if 
there are no eigenvalues on the lower half plane, we obtain 



^<-lTt 



e'-'" = ^-^ fe'^^"'-"ix- V-is-TT^dx, 

yTlJR 



for any small £ > 0. In such a case, the asymptotic behavior of e^^^' is quite nontrivial. 
One of the purposes in this paper is to give a further decomposition of the first term above 
under certain analyticity conditions to determine the dynamics of e^'^^'. 



3 Spectral theory on a Gelfand triplet 

In the previous section, we give the review of the spectral theory of the operator T = H+K 
on "K. In this section, the notion of spectra, eigenfunctions, resolvents and projections are 
extended to a space of generalized functions by means of a rigged Hilbert space. It will 
be shown that they have similar properties to those on "K. They are used to estimate the 
asymptotic behavior of the semigroup e^'^^' and to find embedded eigenvalues. 

3.1 Rigged Hilbert spaces 

Let X be a locally convex Hausdorff topological vector space over C and X' its dual 
space. X' is a set of continuous anti-linear functionals on X. For fi £ X' and (p & X, n{(p) 
is denoted by {iu\(p). For any a,b e C, (p,ili eX and /u,^ e X', the equalities 

{iu\a(f> + bif/) = a{fu\^) + b{l^\,l/), (3.1) 

{afi + b^\(f>) = a{n\(f>) + b{^\cf>), (3.2) 

hold. In this paper, an element of X' is called a generalized function |l7l [8]|. Several 
topologies can be defined on the dual space X'. Two of the most usual topologies are the 
weak dual topology (weak * topology) and the strong dual topology (strong * topology). 
A sequence {fij} c X' is said to be weakly convergent to /i 6 X' if (juj 1 0) ^ (// 1 0) for each 
(p e X; a sequence {/Uj} c X' is said to be strongly convergent to ft e X' if {/Uj \(p) ^ {fi\(f>) 
uniformly on any bounded subset of X. 

Let "K be a Hilbert space with the inner product (• , •) such that X is a dense subspace 
of "K. Since a Hilbert space is isomorphic to its dual space, we obtain 'H (Z X' through 

Definition 3.1. If a locally convex Hausdorff topological vector space X is a dense sub- 
space of a Hilbert space "K and a topology of X is stronger than that of "K, the triplet 

Xg'H'zX' (3.3) 

is called the rigged Hilbert space or the Gelfand triplet. The canonical inclusion i : X ^ 
X' is defined as follows; for i/r 6 X, we denote z'(i/r) by (i/r|, which is defined to be 

/(iA)(0) = (iAl0) = ('A,0), (3.4) 

for any (p e X. The inclusion from 'H into X' is also defined as above. It is easy to show 
that the canonical inclusion is injective if and only if X is a dense subspace of "K, and the 
canonical inclusion is continuous (for both of the weak dual topology and the strong dual 
topology) if and only if a topology of X is stronger than that of "Ti (see Treves [25]). 

A topological vector space X is called Montel if it is barreled and every bounded set 
of X is relatively compact. A Montel space has a convenient property that on a bounded 
set A of a dual space of a Montel space, the weak dual topology coincides with the strong 
dual topology. In particular, a weakly convergent series in a dual of a Montel space also 
converges with respect to the strong dual topology (see Treves |[25ll ). Furthermore, a linear 




Fig. 1 : A domain on which £'[i/r, (f)](of) is holomorphic. 



map from a topological vector space to a Montel space is a compact operator if and only 
if it is a bounded operator. It is known that the theory of rigged Hilbert spaces works best 
when the space X is a Montel or a nuclear space ^. See Grothendieck S and Komatsu 
10311 for sufficient conditions for a topological vector space to be a Montel space or a 
nuclear space. 

3.2 Generalized eigenvalues and eigenfunctions 

Let "H be a Hilbert space over C and H a selfadjoint operator densely defined on "K with 
the spectral measure {E(B)}Bes'^ that is, H is expressed as // = J a)dE(a>). Let K be some 
linear operator densely defined on 'H. Our purpose is to investigate spectral properties of 
the operator T := H + K. Let Q c C be a simply connected open domain in the upper 
half plane such that the intersection of the real axis and the closure of Q is a connected 
interval /. Let I = I\dl be an open interval (see Figd])- For a given T = H + K, we 
suppose that there exists a locally convex Hausdorfi" vector space X(Q.) over C satisfying 
following conditions. 

(XI) X{Q.) is a dense subspace of 'H. 

(X2) A topology on X(Q.) is stronger than that on "K. 

(X3) X(Q.) is a quasi-complete barreled space. 

(X4) For any cp e X(Q.), the spectral measure (E(B)(f), cp) is absolutely continuous on the 

interval /. Its density function, denoted by E{(p,(p\{oj), has an analytic continuation to 

(X5) For each /I e / U n, the bilinear form E[- , ■ ]{A) : X{Q.) x X{Q) ^ C is separately 
continuous. 

Because of (XI) and (X2), the rigged Hilbert space XiO) c "H c X(Q)' is well defined, 
where X{Q.y is a space of continuous anti-lmear functionals and the canonical inclusion / 
is defined by Eg. (13.41) . Sometimes we denote i(i//) by i^ for simplicity by identifying iX{Q.) 
with X(Q.). The assumption (X3) is used to define Pettis integrals and Taylor expansions 
of X(f2)'- valued holomorphic functions in Sec. 3. 5. For example, Montel spaces, Frechet 
spaces, Banach spaces and Hilbert spaces are barreled. See Appendix A for the definitions 
of the Pettis integral and X(^)'-valued holomorphic functions. Due to the assumption 
(X4) with the aid of the polarization identity, we can show that {E{B)(p, ip) is absolutely 



continuous on / for any 0, i/^ e X(Q.). Let E[(p, ifr]{co) be the density function; 

d{E{oS)(j),if/) = E[(p,\]/]{oj)doj, CO el. (3.5) 

Then, E[(f), i/^](a») is holomorphic in a» e I U Q.. We will use the above notation for 
any a; e R for simplicity, although the absolute continuity is assumed only on /. Since 
£■[0, i^]ia)) is absolutely continuous on /, H is assumed not to have eigenvalues on /. (X5) 
is used to prove the continuity of a certain operator (Prop. 3. 7). 

Let A be a linear operator densely defined on X(Q.). Then, the dual operator A' is 
defined as follows: the domain D(A') is the set of elements // 6 X(Q.y such that the 
mapping cp \-^ {ju\A(f)) from D(A) into C is continuous. Then, A' : D(A') -^ X(Q.y is 
defined by 

(A'fx I (P) = {ti\A(P), cp e D(A), /u e D(A'). (3.6) 

If A is continuous on X{Q.), then A' is continuous on X(Q.y for both of the weak dual 
topology and the strong dual topology. The (Hilbert) adjoint A* of A is defined through 
(A0, ifr) = ((f). A* i^) as usual when A is densely defined on 'H. 

Lemma 3.2. Let A be a linear operator densely defined on "K. Suppose that there exists a 
dense subspace Y of X(Q.) such that A*Y c X(Q.) so that the dual (A*)' is defined. Then, 
(A*)' is an extension of A and io A = (A*)' o / |d(^). In particular, D((A*)') D ?D(A). 

Proof. By the definition of the canonical inclusion i, we have 

KAifr)(cf>) = {Ailf,(P) = {iJf,A*<p) = {iJf\A*<p) = <(A*)V|0), (3.7) 

for any if/ e D(A) and (f> e Y. m 

In what follows, we denote (A*)' by A^. Thus Eg. (13. 71) means / o A = A^ o / |d(^). Note 
that A^ = A' when A is selfadjoint. For the operators H and K, we suppose that 

(X6) there exists a dense subspace Y ofX(Q.) such that HY c X{Q.). 

(X7) K is //-bounded and K*Y c X{Q). 

(X8) K^'AiAWiQ) c iX{n) for any A e {lm(A) < 0} U / U ^1. 

The operator A{A) : iX{Q) -^ X(Q)' will be defined later. Recall that when K is H- 
bounded (relatively bounded with respect to //), D(r) = D(//) and K(A - H)~^ is bounded 
on 'H for /I ^ R. In some sense, (X8) is a "dual version" of this condition because 
A{A) proves to be an extension of {A - H)'^ . In particular, we will show that K^A{A)i = 
i{K{A - Hy^) when lm{A) < 0. Our purpose is to investigate the operator T = H + K 
with these conditions. Due to (X6) and (X7), the dual operator T^ofT* = H + K* is well 
defined. It follows that D(r^) = D(//^) n D(/^^) and 

DiT"") D /D(r) = /D(//) D iY. 

In particular, the domain of T^ is dense in X(Q)'. 

Recall that the eigenfunction of T associated with an eigenvalue A is given by v = 
{A - Hy^(Kv). When /I e R, v ^ "/f in general because H may have spectrum on the real 
axis. However, we will show that v = v^ has an analytic continuation from the lower half 
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plane to Q. with respect to /I as a generalized function. To see it, we need the next lemma. 

Lemma 3.3. Suppose that a function q{a)) is integrable on R and holomorphic on H U /. 
Then, the function 



Qi^) 



I q(a))da) (Iin(/l) < 0), 

I q(co)da) + In ^PlqiA) (A e Q), 

[ JrA-oj 



(3.8) 



is holomorphic on{A\ lm(A) < 0} U Q U /. 
Proof. Putting A = x + V-Tj with x,y eR yields 

I -. qico)daj = I Tq{co)dco - V^ I -q(co)doj. 

Due to the formula of the Poisson kernel, the equalities 

lim I -q(ci))dco = nq(x), lim ( -q(co)daj = -nq(x), 

y^+o Jr (x - cor + y^ >'^-o Jr {x - cor + y 

hold when q is continuous at x G / (Ahlfors Q). Thus we obtain 

lim I q{co)dco = lim ( q((o)dco + In \^q(A) = nV(x) + n y^q{x), 

v^-o j^A-co .v-»+o \ Jjj A -co I 



where 



1 r X - CO 

V(x) := lim- -q(co)dco 

,v->o n Jr{x - cor + y 



is the Hilbert transform of q. It is known that V{x) is Lipschitz continuous on / if q(x) 
is (see Titchmarsh Il24l ). Therefore, two holomorphic functions in Eq. (|3.8l) coincide with 
one another on I and they are continuous on /. This proves that Q(A) is holomorphic on 
{A I Im(^) < 0} U Q U /. ■ 

Put ua = (A - Hy^ij/ for if/ e 'H. In general, u^ is not included in 'H when A & I 
because of the continuous spectrum of H. Thus ux does not have an analytic continuation 
from the lower half plane to Q. with respect to A as an "K-valued function. To define 
an analytic continuation of ux, we regard it as a generalized function in Z(Q)' by the 
canonical inclusion. Then, the action of i{{A - Hy^i]/) is given by 



i{{A - Hy'ipycp) = {{A - Hy'i//, 4>) = £[i/^, cf>]ico)dco, Im(/l) < 0. 

CO 



Jr^- 
Because of the assumption (X4), this quantity has an analytic continuation to Q U / as 

I £[(A, ^]{co)dco + In yPlE[iff, ^](A), A e Q. 

Jr'^-oj 



Motivated by this observation, define the operator A(A) : iX{Q.) -^ X(Qy to be 

-£[i/r, (f)](co)doj + In V^£[iA, 0](/l) {X 6 Q), 



<AW^|0) = 



Jr-^- 



(X) 

1 



lim ( ^= £[i/r,0](a>)Ja; (^ = z € /), (3.9) 

"Jr. 



y^-o Jp r + V^y -co 



I £[i/r,0]MJa; (Im(i) < 0), 



for any ^ e iX{Q.), <p ^ X{Q.). Indeed, we can prove by using (X5) that A(A)i// is a 
continuous functional. Due to Lemma 3.3, {A(A)i^ \ cp) is holomorphic on {Im(/l) < 0} U 
^ U /. When Im(/1) < 0, we have {A{A)ip \ (p) = {{A - Hy^i]/, (p). In this sense, the operator 
A{A) is called the analytic continuation of the resolvent {A-Hy^ as a generalized function. 
By using it, we extend the notion of eigenvalues and eigenf unctions. 

Recall that the equation for eigenfunctions of T is given by {id - {A- H)~^K)v = 0. 
Since the analytic continuation of (A - Hy^ in X(Q)' is A{A), we make the following 
definition. 

Definition 3.4. Let R(A(/l)) be the range of A{A). If the equation 

{id - AiAW)^ = (3.10) 

has a nonzero solution jx in R(A(/l)) for some A & Q.yj I yj {A\ \m{A) < 0}, A is called a 
generalized eigenvalue of T and // is called a generalized eigenfunction associated with A. 
A generalized eigenvalue on O. is called a resonance pole (the word "resonance" originates 
from quantum mechanics [19]). 

Note that the assumption (X8) is used to define A{A)K^^ for /i 6 R(A(/l)) because the 
domain of A(/l) is iX{£l). Applied by K^, Eq. (l3.10l) is rewritten as 

{id-K''A{A))K''ix = 0. (3.11) 

If K^jx = 0, Eq. (l3.10l) shows // = 0. Hence, A is a generalized eigenvalue if and only if 
id - K^A(A) is not injective on iX{Q.). 

Theorem 3.5. Let Ahe a generalized eigenvalue of T and fi a generalized eigenfunction 
associated with A. Then the equality 

T''ix = An (3.12) 

holds. 

Proof. At first, let us show D{A - H^) D R(A(A)). By the operational calculus, we have 
E[iff, (a - H)(p]{oj) = {A- co)E[if/, (f)](co). When A e Q, this gives 

<A(/{)i/r I (a - H)(P) = f E[if/, (a - H)(p]ico)da) + In V^£[i/r, (I - H)(P]{A) 

J^X-oj 

= [eIiP, (p](aj)dco + 2n V^iA - oj)L=aE[iP, (pKA) 
Jr 

= <<AI0), 

10 



for any i]/ e iX{Q.) and e F. It is obvious that (ip^ \ (p) is continuous in (p with respect 
to the topology of X(Q). This proves that D(^ - //^) d R(A(i)) and {X - H'')A(A) = 
id : iX{Q.) -^ iX(Q.). When /i is a generalized eigenfunction, /i G D(A - H^) because 
yu = AiAWn. Then, Eq. dTTOl) provides 

{A - H^'Xid - AiA)K'')iu = {A-H''- K'')ix = {A- T'')^i = 0. 

The proofs for the cases A e I and \m{A) < are done in the same way. ■ 

This theorem means that A is indeed an eigenvalue of the dual operator T^. In general, 
the set of generalized eigenvalues is a proper subset of the set of eigenvalues of T^ . Since 
the dual space X(Q)' is "too large", typically every point on Q. is an eigenvalue of T^ . 
In this sense, generalized eigenvalues are wider concept than eigenvalues of T , while 
narrower concept than eigenvalues of T^ (see Prop. 3. 17 for more details). In the literature, 
resonance poles are defined as poles of an analytic continuation of a matrix element of 
the resolvent |[T9l. Our definition is based on a straightforward extension of the usual 
eigen-equation and it is suitable for systematic studies of resonance poles. 

3.3 Properties of the operator A{X) 

Before defining a multiplicity of a generalized eigenvalue, it is convenient to investigate 
properties of the operator A{A). For n = 1, 2, • • • let us define the linear operator A^"\A) : 
/X(Q) ^ X{Ql)' to be 

r ^ E[il,,(l>]{co)dio + 2n^r\ \~^\ji ^^ ^ m,(t>]{z), {Aen\ 
J^{A - oj)" (n - 1)! dz" ' z=-^ 



{A'"\A)ip\(P) 



lim I -^ E[i//, (p](co)dco, (A = x £ I), 

"Jr( 



1 



[-—^E[ip, (f>]{co)doj, (lm{A) < 0). 

(3.13) 
It is easy to show by integration by parts that {A^'^\A)ip \ (p) is an analytic continuation 
of ((A - Hy"ip,(p) from the lower half plane to Q.. A^^\A) is also denoted by A{A) as 
before. The next proposition will be often used to calculate the generalized resolvent and 
projections. 

Proposition 3.6. For any integers j > n> 0. the operator A^^\/l) satisfies 

(i) {A - H'^YA'H^) = A^J-"\A), where A(°)(i) := id. 

(ii) A ■> {A){A - H^)"\ix(a,)nDiA'JHA){A-HX)") = A-> "'^)\iX{a.)nD{AU)(A)(A~H^)'')- 
In particular, A(A)(A - //^)yu = yu when (A - H'')n e iX(Q.). 

(iii) —.{A{A)ip I (P) = {-\y j\{A^^'-'\A)ip 1 0), J = 0, 1, • • • . 
dA^ 

(iv) For each ip e X{0), A{A)ip is expanded as 

oo 

A{A)ip = YJ^A^ - AyA^^^'\A^)ip, (3.14) 
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where the right hand side converges with respect to the strong dual topology. 

Proof, (i) Let us show (A - H'')A^J\A) = A^J-^\A). We have to prove that D(A - //^) D 
R(A^J\A)). For this purpose, put/i^Cv) = {A^J\A)if/ \ (A - H)y) i/r 6 iX{a) andy e Y. It is 
sufficient to show that the mapping y \-^ jJ-Aiy) from Y into C is continuous with respect to 
the topology on X{£L). Suppose that Im(/1) > 0. By the operational calculus, we obtain 



.(_iy-i ji-i 

{A-z)E{il,,y]{z) 



1^^^^ = f7T-^E[iff,U-H)y](oj)dco + 2nV^^-^^ E{iJf,{A- H)y]{z) 
J^{A-ojy - 1)! Jz^-i z=^ 

J^iA-Cijy {]- \)\dz^ ' 

= ((i- //)'->,};) + 2;rV^ ;. ' E{il,,y]{z). (3.15) 

Since E\}fj,y]{z) is continuous my e X{Q.) (the assumption (X5)) and E\i]/,y]{z) is holo- 
morphic in z, for any e > 0, there exists a neighborhood U\ of zero in X(ri) such that 
\{d^'^ ldz^~^)E{\p,y]{z)\ < s dXz = A for y e UiC\Y. Let t/2 be a neighborhood of zero in 
"K such that ||y||.^ < e for 3; g U2- Since the topology on X{Q.) is stronger than that on "H, 
[/2 n X(Q) is a neighborhood of zero in X(Q). If 3; G t/i n L'^2 ^ 7, we obtain 

\lJiA(y)\ < \U - H)'-iilj\\e + 2;r V^^^^e. 

(j-2)! 

Note that (A - HY"^ is bounded when /I ^ R and 1 - j < because H is selfadjoint. 
This proves that //^ is continuous, so that n^ = {A - H^)A'^^\A)ifr e X{Q.y. The proof 
of the continuity for the case lm{A) < is done in the same way. When A e I, there 
exists a sequence {/l,}", in the lower half plane such that /u^iy) = lim,_>ooA'/i (j)- Since 

J J—L J J 

X{Q.) is barreled, Banach-Steinhaus theorem is applicable to conclude that the limit /u^ of 
continuous linear mappings is also continuous. This proves D{A - H^) D R(A^^\A)) and 
(A-H'')A^J\A) is well defined for any A e {Im(/i) < 0}U/UQ. Then, the above calculation 
immediately shows that (A - H^)A^-'\A) = A^^~^\A). By the induction, we obtain (i). 

(ii) is also proved by the operational calculus as above, and (iii) is easily obtained by 
induction. 

For (iv), since {A{A)ilf \ (p) is holomorphic, it is expanded in a Taylor series as 



00 it; 

<A(^)^|0) = V-— {A{A)ilj\(t>){A-Ao) 
^ ] ! dAJ A=Ao 



Yj.^^- X)\A^^^'\A^)^\<P), (3.16) 



7=0 



for each 0, i^ g X{Q). This means that the functional A(/l)i/^ is weakly holomorphic 
in A. Then, A(/t)(/' turns out to be strongly holomorphic and expanded as Eg. (13. 141) by 
Thm.A.3(iii) in Appendix, in which basic facts on X(f2)'-valued holomorphic functions 
are given. ■ 
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Unfortunately, the operator A{A) : iX{Q.) -^ X(Q.)' is not continuous if iX{Q.) is 
equipped with the relative topology from X{Q.y . Even if {i//\ ^ in iX{Q.) c X(Q.)' , 
the value E[ilf,(f>](A) does not tend to zero in general because the topology on X{Q.y is 
weaker than that on X(Q.) . However, A(A) proves to be continuous if iX(Q.) is equipped 
with the topology induced from X{Q.) by the canonical inclusion. 

Proposition 3.7. A(A) o / : X(Q) -^ X(Qy is continuous if X(Qy is equipped with the 
weak dual topology. 

Proof. Suppose A e Q. and fix 6 X(Q.). Because of the assumption (X5), for any s > 0, 
there exists a neighborhood Ui of zero in X(Q.) such that \E[ifr, (p]{A)\ < sfor i// e U\. Let 
U2 be a neighborhood of zero in 'H such that \\4'\\<h < £ for 1^ e U2. Since the topology 
on X{Q.) is stronger than that on "Ti, U2 n X{Q.) is a neighborhood of zero in X(Q,). If 

KAW«AI0)I < \\(A-Hr%M-m'H-m\'H + 27r\E[,p,cl>]iA)\ 
= (\\(A-Hr'\\'H-\m'H + 2n)s. 

This proves that A(A) o i is continuous in the weak dual topology. The proof for the case 
lm(A) < is done in a similar manner. When A e I, there exists a sequence {Aj}"ly in the 
lower half plane such that A{A) o i = limy^oo M^j) ° i- Since X{Q.) is barreled, Banach- 
Steinhaus theorem is applicable to conclude that the limit A{A) o i of continuous linear 
mappings is also continuous. ■ 

Now we are in a position to define an algebraic multiplicity and a generalized eigenspace 
of generalized eigenvalues. Usually, an eigenspace is defined as a set of solutions of the 
equation (A - Ty'v = 0. For example, when n = 2, we rewrite it as 

(A-H- K)(A -H-K)v = {A- Hf{id -{A- Hy^KiA - H)) o (id -(A- H)-^K)v = 0. 

Dividing by {A - H)^ yields 

(id -(A- H)-^K(A - H)) o (id -(A- Hy^K)v = 0. 

Since the analytic continuation of (A - HY" in X(£iy is A^"\A), we consider the equation 

(id - A^^\A)K''(A - //^)) o (id - A(A)K'')n = 0. 

Motivated by this observation, we define the operator B^"\A) : D(B^"\Ay) c X(Q)' -^ 
X(ny to be 

B^''\A) = id-A^"\A)K''(A - //^)"~^ (3.17) 

Then, the above equation is rewritten as B^^\A)B^^\A)fj. = 0. The domain of B''"\A) is the 
domain of A^"\A)K^(A - H^y^~^. The following equality is easily proved. 

(A - H'^fB^^A) = B'J~'\A)(A - //")*^Id(bo.(,)), j > k. (3.18) 

Definition 3.8. Let A he a generalized eigenvalue of the operator T. The generalized 
eigenspace of A is defined by 

Va = [J Ker B^'"\A) o B^"'-^\A) o ■ • ■ o B^^\A). (3.19) 



m>l 
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We call dimV^ the algebraic multiplicity of the generalized eigenvalue A. 

Theorem 3.9. For any // e V^, there exists an integer M such that (A - T^)'^fi = 0. 

Proof. Suppose that 5^^)(i)o. • ■oB^^\A)fi = 0. Put^ = B^^-^\A)o- ■ ■oB^^\A)fi. Eq. dTTSl) 
shows 

= (A-H'')''-'B^''\A)^ 

= B^'\A)(A - //^)^-'^ = (id - AiAWXA - H"")"-'^. 

Since D(.l - //^) D R(A(i)), it turns out that (A - H"")^-^^ 6 D{A - //^). Then, we obtain 

= {A-H''){id-A{A)K''){A-H'')"-^^ 

= {A-H""- K'^XA - H"")"-'^ = (A- r^)(i - H^'f-'^. 

By induction, we obtain (A - T^)^ix = 0. ■ 

In general, the space V^ is a proper subspace of the usual eigenspace Um>i Ker(/l - 
jxyn Q^ jx Xypically IJm>i Ker (/I - r^)"' becomes of infinite dimensional because the 
dual space X(Q)' is "too large", however, V^ is a finite dimensional space in many cases. 
In linear algebra, a solution of {A - T)"v = for « > 2 is called a generalized eigenvector. 
In this paper, the word "generalized" is used for elements of the dual space. To avoid 
confusion, if// e Va satisfies B^"'\A) o • • • o B^^\A)fi = and B^"'-^\A) o • ■ • o B^^\A)n + 0, 
we call // the generalized eigenfunction of multiplicity m. 

3.4 Generalized resolvents 

In this subsection, we define a generalized resolvent. As the usual theory, it will be used 
to construct projections and semigroups. Let R^ = {A- Ty^ be the resolvent of T as an 
operator on "K. A simple calculation shows 

-1 



Rai{/ = (A - Hy^ (id - K(A - H)-^) i/r. (3.20) 



Since the analytic continuation of {A - H) ' in the dual space is A{A), we make the fol- 
lowing definition. In what follows, put Cl = Q.U I U {A\ lm(A) < 0}. 

Definition 3.10. If the inverse (id - K^A{A))'^ exists, define the generalized resolvent 
n^ : iXiQ) -^ X{Qy to be 

Ki = A(A) o (id - K^'AiA))-^ = (id - AiAWr^ o A(i), A £ Cl. (3.21) 

The second equality follows from (id - A(A)K'')AiA) = A(A)iid - K^'AiA)). Recall that 
id - K^A{A) is injective on iX(Q.) if and only if id - A{A)K^ is injective on R(A(/l)). 

Since A(A) is not continuous, 'Ra is not a continuous operator in general. However, it 
is natural to ask whether Ka° i '■ X{Q) -^ X{£l)' is continuous or not because A{A) o / is 
continuous. 

Definition 3.11. The generalized resolvent set q{T) is defined to be the set of points Ae O. 
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satisfying following: there is a neighborhood V,i (Z Clof A such that for any A' e V,i, Ka> o i 
is a densely defined continuous operator fromZ(ri) into X(Q)', where X(Q)' is equipped 
with the weak dual topology, and the set {'R,i' o ?'(i/')}^'gy, is bounded in X{'[1)' for each 
ij/ 6 X(Q). The set &{T) := Q\q{T) is called the generalized spectrum of T. The ^en- 
eralized point spectrum &p(T) is the set of points A e d-{T) at which id - K^A(A) is not 
injective (this is the set of generalized eigenvalues). The generalized residual spectrum 
d-r(T) is the set of points A 6 d-(T) such that the domain of K; ° i is not dense in X(Q.). 
The generalized continuous spectrum is defined to be o-dT) = d-{T)\{d-p(T) U d-r(T)). 

By the definition, g(T) is an open set. The existence of the neighborhood V^ in the 
above definition is introduced by Waelbroeck fl^ (see also Maeda ifTSll ) for the spectral 
theory on locally convex spaces. If g{T) were simply defined to be the set of points such 
that 'Rj^ o z is a densely defined continuous operator, g{T) is not an open set in general. 
If X(Q) is a Banach space and the operator i'^K^A(A)i is continuous on X(Q.) for each 
A e Cl,we can show that A e g{T) if and only if id - i~^K^A{A^i has a continuous inverse 
onX(ri)(Prop.3.18). 

Theorem 3.12. 

(i) For each ij/ e X{£l), 'RJi/r is an X(i^)'-valued holomorphic function in A e g{T). 

(ii) Suppose lm(A) < and A e g(T) n g{T), where g(T) is the resolvent set of T in 

•H-sense. Then, CRaiI/ I 4>) = ((A - Ty^if/, (p) for any i/^, e Xi'D.). 

This theorem means that {'RaiP \ (p) is an analytic continuation of {{A - T)~^if/, (p) from 
the lower half plane to g{T) through the interval /. We always suppose that the domain of 
'Ri o / is continuously extended to the whole X{Q) when A i &{T). The significant point 
to be emphasized is that to prove the strong holomorphy of 'Ra o z(i/r), it is sufficient to 
assume that 'Ra o i : X(Q.) -^ X(Q.y is continuous in the weak dual topology on X{Q.y. 

Proof of Thm.3.12. Since g(T) is open, when A 6 g(T), 'Ra+h exists for sufficiently small 
h£C. Put if/A = i'\id - K"" A{A)yH{\l/) for t/r e X(Q). It is easy to verify the equaUty 

%uki{^) - "RAii^) = {A{A + h)- AiAMi^A) + 'Ra^hi « i~'K^(A(A + h) - A(i))/(^,). 

Let us show that i'^K^A{A)i{ip) G X{Q.) is holomorphic in A. For any ip,(p e X{Q.), we 
obtain 



{(P\i-'K''AiA)iip) = i(P,i-'K''AiA)iip) = {i-^K^A{A)iil/,(p) 
= {Wa(A)UP\^) = {A{A)iif/\K*(p). 

From the definition oi A{A), it follows that {(p \ i'^K^A(A)iip) is holomorphic in A. Since 
X{Q.) is dense in X{Q.y, (p \ i'^K'^A{A)iip) is holomorphic in A for any p e X{Q.y by 
Montel's theorem. This means that i~^K^A(A)iip is weakly holomorphic. Since X(Q.) is 
a quasi-complete locally convex space, any weakly holomorphic function is holomorphic 
with respect to the original topology (see Rudin 11211 ). This proves that i'^K^A(A)iip is 
holomorphic in A (note that the weak holomorphy in A implies the strong holomorphy in 
A because functional in X(Q.y are anri-linear). 

Next, the definition of g{T) implies that the family {'Rp o z}^gy, of continuous operators 
is bounded in the pointwise convergence topology. Due to Banach-Steinhaus theorem 
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(Thm.33.1 of [jlSlD . the family is equicontinuous. This and the holomorphy of A(A) and 
r^K^A(A)i(il/) prove that 'Ra+hK^) converges to 'RaK'^) as h ^ with respect to the weak 
dual topology. In particular, we obtain 

lim -il^L- ^(^) = —{A)i{iPA) + n^i o (i-'K^'AiAMiJfA), (3.22) 

h^Q h dA dA 

which proves that 'RAKi/f) is holomorphic in A with respect to the weak dual topology 
on X{Q.y. Since X(Q.) is barreled, the weak dual holomorphy implies the strong dual 
holomorphy (Thm.A.3 (iii)). 

Let us prove (ii). Suppose lm(A) < 0. Note that "Ra o i is written as 'R^ o i = A(A) o 
(id - r^K^A{A)iy^. We can show the equality 

{id - r^K''A{A)i)f = (id - K{A - Hy^)f 6 X{Q.). (3.23) 

Indeed, for any /, i/^ e X{Q.), we obtain 

{(i-K''A{A)i)f\ifr) = {if\iP)-{A{A)if\K*iJf) 

= {if\i/f)-{io(A-Hr'f\K*i/,) 

= if, <A) - {KiA - H)-'f, ilf) = ({id - K{A - Hr')f, (A). 

Thus, Ka satisfies for = {id - i-^K''A{A)i)f that 

UAicp = A(A)io(id-i~^K''A{A)ir^(f> 

= i(A - //)-' o (id - K{A - Hy^r^cp = i(A - T)'^(f). 

Since A e p(T), (id - i-^K''A(A)i)X(Q) is dense in X(Q) and iR^z : X(Q) -^ X(Qy is 
continuous. Since A e p(T), i(A - Ty^ : 'H -^ X{0)' is continuous. Therefore, taking the 
limit proves that !R^?'0 = i{A - Ty^(p holds for any (p 6 X(Q). ■ 

Remark. Even when A is in the continuous spectrum of T , Thm.3.12 (ii) holds as long as 
{A - Ty^ exists and io {A- Ty^ : 'H -^ X(Q)' is continuous. In general, the continuous 
spectrum of T is not included in the generalized spectrum because the topology of X(Q)' 
is weaker than that of 'H. 

Proposition 3.13. The generalized resolvent satisfies 

(i) {A - rx) o n, = id\ix(a) 

(ii) If yu e X(ay satisfies (.1 - T^)// 6 /X(Q), then ^AoiA- T'')^ = /u. 

(iii)rxo7?,l,y = 7?,orx|,T. 

Proof. Prop.3.6 (i) gives id = (A- H'')A{A) = (A-T'' + K'')A{A). This proves 

(A - r^) o AiA) = id - K^'AiA) 
^ (A- r^) o A{A) o {id - K''A(A)y^ =iA- T^) o'R^ = id. 

Next, when (A - T'')/j. e iX{Q.), A{A){A - T"")^ is well defined and Prop.3.6 (ii) gives 

A{A){A -T'')iu= A(A){A - H"" - K'')n = {id - A{A)K'')n. 

This proves // = {id - A{A)K''y^A{A){A - T'')n = 'Ra{A - T^)//. Finally, note that {A - 
T'^)iY = i{A - T)Y c iX{Q.) because of the assumptions (X6), (X7). Thus part (iii) of the 
proposition immediately follows from (i), (ii). ■ 
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3.5 Generalized projections 

Let 2 c d-(T) be a bounded subset of the generalized spectrum, which is separated from 
the rest of the spectrum by a simple closed curve y <z Q.U I U {A\ lm{A) < 0}. Define the 
operator U^. : iX{D.) -^ X{Qy to be 

Il^(f> = ^ l'RA(pdA, cpeiXiQ), (3.24) 

where the integral is defined as the Pettis integral. Since X{Q.) is assumed to be barreled by 
(X3), X{Q.y is quasi-complete and satisfies the convex envelope property (see Appendix 
A). Since 'R^cp is strongly holomorphic in A (Thm.3.12), the Pettis integral oiKx<P exists by 
Thm. A. 1 . See Appendix A for the definition and the existence theorem of Pettis integrals. 
Since K^oi : X{0) -^ X{Q)' is continuous, Thm.A.l (ii) proves that IVy. o ns a continuous 
operator from X(Q) into X{0)' equipped with the weak dual topology. Note that the 
equality 

r^ \%x(l)dA= JT'^'RACpdA, (3.25) 

holds. To see this, it is sufficient to show that the set {{T^'Ra<P I 'A)}/ier is bounded for each 
ij/ e XiQ) due to Thm.A.l (iii). Prop.3.13 (i) yields T'"Ra4> = A'R^4> - (p. Since A%x is 
holomorphic and y is compact, {{T^'R^cp \ if/)}Aey is bounded so that Eq. (l3.25l) holds. 

Although IVy. o Hj; is not defined, we call fix the generalized Riesz projection for S 
because of the next proposition. 

Proposition 3.14. nx(iX(Q)) n {id - IVY){iX{0)) = {0} and the direct sum satisfies 

iX(Q) c U^iiXiQ)) e (id - U^XiXiQ)) c X(Qy . (3.26) 

In particular, for any cp e X(Q.), there exist //i,//2 such that is uniquely decomposed as 

i((P) = {(P\ = A/i + fi2, //I e U^iiXin)), Hi 6 (id - nx)(/X(Q)). (3.27) 

Proof. We simply denote {(p\ as (p. It is sufficient to show that IlY.{iX{Q.)) n (id - 
Ux)(iX(Q.)) = {0}. Suppose that there exist (p,ip e iX(Q.) such that n^^ = ip - U^ip. 
Since Tl-E,((p + i/f) = i/f & iX(Q.), we can again apply the projection to the both sides as 
IIj; o nx(0 + lA) = Hxi/^. Let y' be a closed curve which is slightly larger than y. Then, 

UyoUy((P + iP) = i—^) fnA'if'RA((p + ip)dA\dA' 
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Eq. (l3.25l) shows 



Prop. 3. 13 shows 

2n ~ 









This proves that 11x0 = 0. ■ 

The above proof also shows that as long as n^^ e iX{Q.), n^ollx is defined and Ilj,oIl^^ = 

Proposition 3.15. IIsLt is T^-invariant: lis ° T^hr = T^ o HxLf- 

Proof. This follows from Prop. 3. 13 (iii) and Eg. (13. 251) . ■ 

Let Aq be an isolated generalized eigenvalue, which is separated from the rest of the 
generalized spectrum by a simple closed curve yo <z Q.U I U {A\ lm{A) < 0}. Let 

no = ^= [KicIA, (3.28) 

be a projection for Ao and Vq = Um>i Ker 5'"'^(/lo) o • • • o B''^\Ao) a generalized eigenspace 
of Ao- The main theorem in this paper is stated as follows: 

Theorem 3.16. I{IloiX(Q) is finite dimensional, then IloiX(Q) = Ve- 
in the usual spectral theory, this theorem is easily proved by using the resolvent equation. 
In our theory, the composition "Z?^/ o!R^ is not defined because "Ra is an operator from iX(Q.) 
into X(Q.)' . As a result, the resolvent equation does not hold and the proof of the above 
theorem is rather technical. 

Proof. Let "^^ = X,J=~co('^o - AyEj be a Laurent series of K;^, which converges in the 
strong dual topology (see Thm.A.3). Since 

oo 

id = {A- r^) o <R, = (io - r^ - (Ao - ^)) o Xi ^-^0 ~ ^^'^^■' 

;=-oo 

we obtain £■_„_! = {Aq - T^)E^„ for n = 1, 2, • • • . Thus the equality 

£-„_! = (Ao - T'^fE^, (3.29) 
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holds. Similarly, id\iY = 'Ra ° (^ - T^)\iY (Prop. 3. 13 (ii)) provides £■_„-! |,y = £_„ o (Aq - 
T^)\iY- Thus we obtain R(E^n-i\iY) ^ R(£^-«) for any n > I. Since Y is dense in X(Q.) 
and the range of E^i = -Ho is finite dimensional, it turns out that R{E^n\iY) = R(E-n) and 
R(E^„-i) c R(£'_„) for any n > I. This implies that the principle part 2-1(^0 - ^yEj of 
the Laurent series is a finite dimensional operator. Hence, there exists an integer M > I 
such that fi-M-i = 0- This means that Aq is a pole ofR^ : 



j='M 



(3.30) 



Next, from the equality (id - A(A)K^) o !/?^ = A(A), we have 

/ OO \ CO oo 



id - J](Ao - AfA^'^'\Ao)K'' o J] (io - AVEj = J](^o - AfA^'^'\Ao). 
Comparing the coefficients of (Aq - A)~^ on both sides, we obtain 

M 

{id-A{AoW)E_, - Y^A^^AoWE^j = 0. 



(3.31) 



7=2 



Substituting Eg. (13. 291) and E^i = -Ho provides 



M 



B^'\Ao)Uo - _^ A(^)(^)i^x(io - ry-'Uo = 0. 



(3.32) 



;=2 



In particular, this implies R(no) c D{B^^\Ao)). Hence, (Aq - r^)no can be rewritten as 

{Ao - r^)no = (Ao - //^) o (id - A(Ao)K'')Uo = (^ - H'')B^'\Ao)IIo. 
Then, by using the definition of B^^\Aq), Eg. (13. 321) is rearranged as 



M 



B'^\Ao)B^'\Ao)Uo - Y.A^HAoW'^iAo - Ty-'Uo = 0. 

i=3 

Repeating similar calculations, we obtain 

B^^\Ao) o • • • o 5(')(^o)no = 0. 



(3.33) 



This proves IloiX{Q.) c Vq. 

Let us show UoiX{Q.) D Vq- From the eguality 7?^ o {id - K^A{A)) = A(A), we have 

CO / oo \ CO 

^ (^0 - AVE J o id - K"" YJ^A, - AfA'^^^'KAo) = Yj^A, - AfA'^^^'XA,). (3.34) 



j=-M 



k=0 



k=Q 
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Comparing the coefficients of (Aq - A)'' on both sides for ^ = 1, 2, • ■ • , we obtain 

CO 

E,(id - K^'AUo))^ - Yj E^j^kK^'A^J^'^Ao)^ = A'^'^'\Ao)((>, (3.35) 

i=i 

for any 6 iX(Q), where the left hand side is a finite sum. Note that K^A^->\Ao)iX{Q) c 
iX(Q.) for any j = 1,2, •• • because K^A(A)iX(Q.) c iX(Q,) for any A (the assumption 
(X8)). 

Now suppose that pi e Vo is a generalized eigenfunction satisfying B^^\Ao) o • • • o 
B^^\Ao)iJ. = 0. For this /i, we need the following lemma. 

Lemma. For any fc = 0, 1,---,M-1, 

(i) (Ao - T'^ffi = {Ao - H'^fB^'KAo) o ■ ■ • o B^'KAo)^. 

(ii) K^'iAo - T^'fix 6 /X(Q). 

Proof. Due to Thm.3.9, // is included in the domain of {Aq - T^)''. Thus the left hand side 
of (i) indeed exists. Then, we have 

(Ao - H''fB^'\Ao) = (Ao - H^'fiid - A^'\AoW(Ao - H"")'-') 

= (Ao - //^ - K^XAo - H^'t' = (Ao - r^)(io - H^^t' . 

Repeating this procedure yields (i). To prove (ii), let us calculate 

= K''(Ao - H'^fB^^XAo) o • • • o B^^\Ao)m. 

Eg. (13. 181) and the part (i) of this lemma give 

= K''B^^-''\Ao) o ■ • ■ o B^''^^\Ao) o (Ao - W'f o B^''\Aq) o ■ • ■ o B^^\Ao)h 
= K''B^''-^\Ao) o ■ • ■ o B'-^^'XAo) o (Ao - T^'f/x. 

For example, when k = M - I, this is reduced to 

= K'^dd - A(Ao)K'') o (^0 - r^)^-V- 

This proves K''(Ao - r^)'^-'yu = K''A(Ao)K''(Ao - r^)^-^ 6 iX(Q). This is true for any 
A: = 0, 1, • ■ • , M - 1; it follows from the definition of B^J\Aoys that K''(Ao - r^)V is ex- 
pressed as a linear combination of elements of the form K^A^J^Ao)^], ^j 6 iX(Q.). Since 
K''A^J\Ao)iX(Q) c iX(Q), we obtain K''(Ao - T^'f/u e iX(Q). m 

Since K''(Ao - T^'fn e iX(a), we can substitute (p = K''(Ao - r^)V into Eq. (l335]) . 
The resultant equation is rearranged as 



EkK''(id - A(Ao)K'')(Ao - T^'f/i - 



id + Y, E-j^kK''(Ao - H^'f 



A^'^'\Ao)K>^(Ao-T>^)'pi 



= Y, E^j,,K^A^^^'\Ao)K^(Ao - T^ffi- 
j=k+i 
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Further, (Aq - T^'f = {Aq - //^)'^5®(^o) °---° B^^\Ao) provides 



TX-skn{k+l) 



(1)/ 



EtK^iAo - H^TB^'^'>(Ao) o • • • o B^'>(Ao)iu 






j=k+i 



id + Y, E^j^tK^'iAo - H^'f-i A(*^+i)(io)i^^(^ - H^^fB^^A^) o • • • o B^'\A^)^ 

(3.36) 

On the other hand, comparing the coefficients of {Aq - A)^ of Eq. (l3.34l) provides 

Eoiid - K^'AiAom - J] E_jK''A'-J^'\Ao)(f> = A(,Ao)(f>, 
i=i 

for any e iX(Q.). Substituting (p = K^/u e iX{Q.) provides 

CO 

(id + EqK'')B^^\Ao)h =I^ + Yj E-jK''A^^^^\AQ)K''fi. 



(3.37) 



;=i 



By adding Eq. (l337l) to Eqs. (13361) for A: = 1, ■ • ■ , M - 1, we obtain 



(id + EQK'')B^'\Ao)fi 



M-l ( 



1(^+1) 



k=l { 7=1 

M-l 

+ Y, EkK''(Ao - H''fB^'^'\Ao) o • • • o B^'\Ao)iu 

k=l 

M-l oo 

= ;i + J] ^ E^jK-A^J^'^'\Ao)K-(Ao - T^f/u. 



rXxirnW/- 



A^''^''(io)i^"(^ - H^fB''>(Ao) o . . . o 5^'^(^o)// 



(1)^ 



(3.38) 



k=Q j=l 

The left hand side above is rewritten as 



(id + EoK"" + EiK''(Ao - H"")) B'^^\Ao)B^^\Ao)ij. 

M-l f k \ 

-Y\id + Yj E-j^^K>^(^o - H^r^ A^'''\A,)K\Ao - H^fB^'\A,) o 



oB^\Ao)n 



k=2 



M-l 



+ Y E,K''(Ao - H''fB^'^'\Ao) o • • • o B^'\Ao)iu. 



k=2 



Repeating similar calculations, we can verify that Eq. (l3.38l) is rewritten as 



M-l 



id + Y EjK''(Ao - ny 



M-l oo 



?(M) 



B^'^'>(A,)o...oB^^>(Ao)f^ 



W( 



= ^ - Z Z E-jK^A'^^'^'\Ao)K\Ao - T^f^. 



(3.39) 



k=Q j=l 
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Since B^^\Ao) o • ■ • o B^^\Ao)n = 0, we obtain 

M-l oo 



// = Xi Z E-jK^A^^''^''Uo)K''(^o - T^fn. 



k=Q ;=1 

Since RC^-^) c R(£„i) = R(no), this proves Ik)iX{Q.) d Vq. Thus the proof of nozX(r^) = 
Vo is completed. ■ 

3.6 Properties of the generalized spectrum 

We show a few criteria to estimate the generalized spectrum. Recall that &p{T) c crp{T^) 
because of Thm.3.5. The relation between &(T) and cr(T) is given as follows. 

Proposition 3.17. Let C- = {Im(/l) < 0} be an open lower half plane. Let crp{T) and 

cr{T) be the point spectrum and the spectrum in the usual sense, respectively. Then, the 

following relations hold. 

(i) &{T) n C_ c (t{T) n C_. In particular, &p{T) n C„ c (Tp{T) n C_ 

(ii) Let Z c C_ be a bounded subset of cr{T) which is separated from the rest of the 

spectrum by a simple closed curve y. Then, there exists a point of &{T) inside y. In 

particular, if /I e C_ is an isolated point of (t{T), then A e &{T). 

Proof. Note that when /I e C_, the generalized resolvent satisfies 'R;i o i = i o (A - T)"' 
due to Thm.3.12. 

(i) Suppose that A e g{T) n C_, where q{T) is the resolvent set of T in the usual 
sense. Since "K is a Hilbert space, there is a neighborhood Vx c q{T) Pi C- of /I such that 
{A' - T)~^ is continuous on 'H for any A' e Va and the set {(A' - T)" Vl^'eVi is bounded in 
'H for each iff 6 X(Q.). Since i ■.'H ^> X(f2)' is continuous and since the topology oiX{Q) 
is stronger than that of "K, Ki' o i = io (A' - Ty^ is a continuous operator from X(Q) into 
X{Q.)' for any A' 6 Vx, and the set {'Rx' ° i^\A'eVi is bounded in X{Q.)' . This proves that 
A&Q{T)f^C^. 

Next, suppose that /i 6 C_ is a generalized eigenvalue satisfying {id-K^A{A))i{iJ/) = 
for if/ e X{Q.). Since A-H is invertible on "K when /I e C_, putting (p = (A- H)'^ if/ provides 

(id - K^'AiAMA - H)(P = {i{A - H) - K''i)(f> = i{A - T)(j) = 0, 

and thus A e o-p(T). 

(ii) Let f be the Riesz projection for S c cr{T) n C^, which is defined as f = 
(2;r V^)-^ f{A - Ty^dA. Since y encloses a point of cr(T\ 9^ ^ 0. Since X(Ql) is 

dense in "H, VX(£i) i^ 0. This fact and "R^ o ? = / o (i - Ty^ prove that the range of the 
generalized Riesz projection defined by Eg. (13. 241) is not zero. Hence, the closed curve y 
encloses a point of d-(J^. ■ 

A few remarks are in order. If the spectrum of T on the lower half plane consists 
of discrete eigenvalues, (i) and (ii) show that crp(T) n C_ = cr(T) n C_ = d-(T) n C_. 
However, it is possible that a generalized eigenvalue on / is not an eigenvalue in the usual 
sense. See [,4J for such an example. In most cases, the continuous spectrum on the lower 
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half plane is not included in the generalized spectrum because the topology on X(Q.y is 
weaker than that on "K, although the point spectrum and the residual spectrum may remain 
to exist as the generalized spectrum. Note that the continuous spectrum on the interval / 
also disappears; for the resolvent (A - Ty^ = (A - Hy^(id - K(A - //) ')"^ in the usual 
sense, the factor {A - H)~^ induces the continuous spectrum on the real axis because H 
is selfadjoint. For the generalized resolvent, (A - H)~^ is replaced by A{A), which has 
no singularities. This suggests that obstructions when calculating the Laplace inversion 
formula by using the residue theorem may disappear. 

Recall that a linear operator L from a topological vector space Xi to another topologi- 
cal vector space X2 is said to be bounded if there exists a neighborhood U <z Xi such that 
LU c X2 is a bounded set. When L = L{A) is parameterized by A, it is said to be bounded 
uniformly in A if such a neighborhood U is independent of A. When the domain Xi is a 
Banach space, L(A) is bounded uniformly in A if and only if L{A) is continuous for each A 
(U is taken to be the unit sphere). Similarly, L is called compact if there exists a neighbor- 
hood U <z Xi such that LU c X2 is relatively compact. When L = L(A) is parameterized 
by A, it is said to be compact uniformly in A if such a neighborhood U is independent of 
A. When the domain X^ is a Banach space, L{A) is compact uniformly in A if and only if 
L{A) is compact for each A. When the range X2 is a Montel space, a (uniformly) bounded 
operator is (uniformly) compact because every bounded set in a Montel space is relatively 
compact. Put Q := {Im(/1) < 0} U / U Q as before. In many applications, i" K^A(A)i is 
a bounded operator. In such a case, the following proposition is useful to estimate the 
generalized spectrum. 

Proposition 3.18. Suppose that for A £ Q, there exists a neighborhood U,i G Q. of A 
such that t^K^A{A')i : X{Q.) -^ X{Q) is a bounded operator uniformly in A' e Ua- If 
id - t^K^A{A)i has a continuous inverse on X(Q), then A t d-(T). 

Proof. Note that Ka ° i is rewritten as '^,1 o i = A(A) o i o {id - i'^K^AiAW^ . Since A{A) o i 
is continuous, it is sufficient to prove that there exists a neighborhood Vx of A such that the 
set {{id - i~^ K^ A{A')iy^ \p] A'eVA is bounded in X(f2) for each ij/ 6 X{£l). For this purpose, it 
is sufficient to prove that the mapping A' 1-^ {id-i'^K^A{A')iy^if/ is continuous in A' e Vx- 
Since i'^K^A{A)i is holomorphic (see the proof of Thm. 3. 12), there is an operator D{A, h) 
on X(n) such that 

id - i-^K^'AiA + h)i = id - i'^K^'AiAy - hD(A, h) 

= (id - hD{A, h){id - i'^ K"" A{A)iy^) o {id - i'^K''A{A)i). 

Since i~^K^A{A)i is a bounded operator uniformly in A e Ua, D{A, h) is a bounded opera- 
tor when h is sufficiently small. Since {id-i'^K^A{A)iy^ is continuous by the assumption, 
D{A,h){id - i'^K^A{A)iy^ is abounded operator. Then, Bruyn's theorem [3] shows that 
id - hD{A, h){id - i'^K^A{A)iy^ has a continuous inverse for sufficiently small h and the 
inverse is continuous in h (when X{0) is a Banach space, Bruyn's theorem is reduced to 
the existence of the Neumann series). This proves that {id - i~^K^A{A + h)iy^il/ exists and 
continuous in h for each if/. ■ 

As a corollary, if X(Q) is a Banach space and i'^K^A{A)i is a continuous operator on 
Z(Q) for each A, then A e g{T) if and only if id - i'^K^A{A)i has a continuous inverse 
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on X(Q.). Because of this proposition, we can apply the spectral theory on locally convex 
spaces (for example, [|2l[6lll7l[l8l[20l|23) to the operator id - r^K^'AiA)! to estimate the 
generalized spectrum. In particular, like as Riesz-Schauder theory in Banach spaces, we 
can prove the next theorem. 

Theorem 3.19. In addition to (XI) to (X8), suppose that i-^K''A(A)i : X(Q.) -^ X(Q) is 
a compact operator uniformly in A £ Q. := {lm(A) < 0} U I U Q. Then, the following 
statements are true. 

(i) For any compact set D a Cl, the number of generalized eigenvalues in D is finite (thus 
&p{T) consists of a countable number of generalized eigenvalues and they may accumu- 
late only on the boundary of Cl or infinity). 

(ii) For each Aq e &p(T), the generalized eigenspace Vq is of finite dimensional and 
UoiXiQ) = Vo. 
(iii) d-,(T) = &r{T) = 0. 

lfX(Q.) is a Banach space, the above theorem follows from well known Riesz-Schauder 
theory. Even if X(Q.) is not a Banach space, we can prove the same result (see below). 
Thm.3.19 is useful to find embedded eigenvalues of T: 

Corollary 3.20. Suppose that T is selfadjoint. Under the assumptions in Thm.3.19, the 
number of eigenvalues ofT = H + K(in "K-sense) in any compact set D c / is finite. 
Their algebraic multiplicities dimKer(/l - T) are finite. 

Proof. Let Aq g / be an eigenvalue of T. It is known that the projection Pq to the corre- 
sponding eigenspace is given by 

'Po(f> = lim V^e ■ (^0 + V^e - 7^)"V, 4>^'J-{, (3.40) 

£— >-0 

where the limit is taken with respect to the topology on "K. When lm(A) < 0, we have 
'RJ((/)) = i{A - T)-^(p for e XiCL). This shows 

/ o Voip = lim V^£ • 'R , , yn, o i((f,), 4> e XiQ.). 

£—►-0 " 

Let 'R;i = X,J=~coi'^o - AyEj be the Laurent expansion ofR^, which converges around Aq. 
This provides 



/ o ^0 = lim V^£ ^ (- V^sVEj o i. 



j=-oo 

Since the right hand side converges with respect to the topology on X(Q.y, we obtain 

zo^o = -£-1 o« = nooz, £^2 = £-3 = ■•■ = 0, (3.41) 

where Hq is the generalized Riesz projection for Aq. Since Aq is an eigenvalue, Po'J^ ^ ©• 
Since X(Q.) is a dense subspace ofH, PoX(Q.) ^ 0. Hence, we obtain IlQiX(Q.) i^ 0, which 
implies that Aq is a generalized eigenvalue; crp{T) c &p{T). Since &p{T) is countable, so is 
CTpiT). Since nozX(Q) is a finite dimensional space, so is 'Po^(^)- Then, VqH = 'PoX(Q.) 

24 



proves to be finite dimensional because 'Pq'TH is the closure of 'PqX{£1). ■ 

Our results are also useful to calculate eigenvectors for embedded eigenvalues. In the 
usual Hilbert space theory, if an eigenvalue A is embedded in the continuous spectrum of 
r, we can not apply the Riesz projection for A because there are no closed curves in C 
which separate A from the rest of the spectrum. In our theory, &c{T) = d-r(T) = 0. Hence, 
the generalized eigenvalues are indeed isolated and the Riesz projection Ho is applied to 
yield IlQiX(Q.) = Vo- Then, the eigenspace in "K-sense is obtained as Vq n D(T). 

Proof of Thin.3.19. The theorem follows from Riesz-Schauder theory on locally convex 
spaces developed in Ringrose [|20]| . Here, we give a simple review of the argument in 
[1201 . We denote X(Q) = X and i-^K''AiA)i = CiA) for simplicity. A pairing for iX',X) is 
denoted by ( • | ■)x. 

Since C(A) : X ^ X is compact uniformly in A, there exists a neighborhood V of 
zero in X, which is independent of A, such that C(A)V c X is relatively compact. Put 
p{x) = 'mf{\A\; X 6 AV}. Then, p is a continuous semi-norm on X and V = {x | p(x) < 1}. 
Define a closed subspace M in X to be 

M = {x£X\ p(x) = 0} c y. (3.42) 

Let us consider the quotient space X/M, whose elements are denoted by [x]. The semi- 
norm p induces a norm P on X/M by /'([jc]) = p(x). If X/M is equipped with the norm 
topology induced by P, we denote the space as !B. The completion of S, which is a Banach 
space, is denoted by So. The dual space Sg of So is a Banach space with the norm 

m\s':= sup Kyu|W)sJ, (3.43) 

P(W)<1 

where ( • | • )gQ is a pairing for (Sq, So). Define a subspace S c X' to be 

S ={iueX' \ sup \{fi\x)x\<oo} . (3.44) 

xeV 

The linear mapping " : 5 -^ S'^ (pi y-^ p.) defined through (ju \ [x])sg = {/u \ x)x is bijective. 
Define the operator Q{A) : S ^ S to be Q{A){x\ = {C{A)x\. Then, the equaUty 

{fi\Q{X){x\)s, = {ti\C{A)x)x (3.45) 

holds for // e 5 and x e X. Let Qq{A) : So ^ So be a continuous extension of Q{A). 
Then, Q(){A) is a compact operator on a Banach space, and thus the usual Riesz-Schauder 
theory is applied. By using Eq. (13.451) . it is proved that z 6 C is an eigenvalue of C{A) if 
and only if it is an eigenvalue of Qo{A). In this manner, we can prove that 

Theorem 3.21 Il20ll . The number of eigenvalues of the operator C{A) : X ^> XhdX most 
countable, which can accumulate only at the origin. The eigenspaces Um>i Ker (z-C(/l))'" 
of nonzero eigenvalues z are finite dimensional. If z ^ is not an eigenvalue, z - C{A) has 
a continuous inverse on X. See ||20|| for the complete proof. 

Now we are in a position to prove Thm.3.19. Suppose that A is not a generalized 
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eigenvalue. Then, 1 is not an eigenvalue of C{A) = i~^K^A(A)i. The above theorem con- 
cludes that id - C(A) has a continuous inverse on X{Q.). Since C{A) is compact uniformly 
in A, Prop. 3. 18 implies A ^ d-(T). This proves the part (iii) of Thm.3.19. 

Let us show the part (i) of the theorem. Let z = z{A) be an eigenvalue of C{A). We 
suppose that z{Aq) = 1 so that Ao is a generalized eigenvalue. As was proved in the proof 
of Thm.3.12, {fi\C(A)x)x is holomorphic in A. Eg. (13. 451) shows that <// 1 Q(A)[x])sg is 
holomorphic for any jl £ S'^ and [x] e S. Since So is a Banach space and S is dense in 
^0, QqW is a holomorphic family of operators. Recall that the eigenvalue z{A) of C{A) is 
also an eigenvalue of QoiA) satisfying z(/lo) = 1 • Then, the analytic perturbation theory of 
operators (see Chapter VII of Kato ^T7\ ) shows that there exists a natural number p such 
that z(A) is holomorphic as a function of (A - AqY^'^ Let us show that z(A) is not a constant 
function. If z{A) = 1, every point in Q is a generalized eigenvalue. Due to Prop. 3. 17, the 
open lower half plane is included in the point spectrum of T. Hence, there exists f = /a 
in "K such that / = K{A - Hy^f for any A e C-. However, since K is //-bounded, there 
exist nonnegative numbers a and b such that 

\\K(A-Hr'\\<a\\(A-Hr'\\+b\\H(A-Hr'\\=a\\(A-Hr'\\+b\\A(A-Hr'-id\l 

which tends to zero as \A\ -^ oo outside the real axis. Therefore, ||/|| < ||^(/1-//)^'|H|/|| -^ 
0, which contradicts with the assumption. Since z{A) is not a constant, there exists a 
neighborhood /7 c C of Aq such that z{A) + 1 when A e U and A i^ Aq. This implies that 
A e U\{Aq} is not a generalized eigenvalue and the part (i) of Thm.3.19 is proved. 

Finally, let us prove the part (ii) of Thm.3.19. Put C(z) = (z - 1) • id + C(z) and 
Q(z) = (z - 1) • id + Qiz). They satisfy (ju \ QiA)[x]h, = (fi I C(z)x)x and 

{fi\(A- Q(z)r'[x])rs, = {fi\(A- C(z)r'x)x. 

Since an eigenspace of Q{z) is finite dimensional, an eigenspace of Q{z) is also finite 
dimensional. Thus the resolvent (A - Q(z))~ is meromorphic in A e Q.. Since Q(z) is 
holomorphic, (A - Q(A)y^ is also meromorphic. The above equality shows that {fi\(A - 
C(A)y^x)x is meromorphic for any /i e 5. Since S is dense in X', it turns out that 
(A-C(A)y ' X is meromorphic with respect to the topology on X. Therefore, the generalized 
resolvent 

'RA°i = AiA) o / o (id - i-^K^'AiAW^ = A(A) oio(A- C(i))"' (3.46) 

is meromorphic on Q. Now we have shown that the Laurent expansion of 'Ra is of the 
form (|3.30l) for some M >0. Then, we can prove Eg. (13. 331) by the same way as the proof 
of Thm.3. 16. To prove that IloiX{Q.) is of finite dimensional, we need the next lemma. 

Lemma 3.22. dimK&r B^^XA) < dimKer(zJ - K^'AiA)) for any n > 1. 

Proof. Suppose that B^"\A)ij. = with // ?t 0. Then, we have 

K'^iA-H''f-^B^"\A)ix = K'^{A-H''y~\id-A^''\A)K''{A-H''f~^)ix 

= (id - K^'AiA)) o K'^iA - H'^y-^fx = 0. 

If K'^iA - W'y-^ix = 0, B^"\A)n = yields n = A^'^^AWiA - W'y-^n = 0, which con- 
tradicts with the assumption// ^ 0. Thus we obtain K^(A - H^y~^/j. e Ker (id - K^A(A)) 
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Fig. 2: Deformation of the contour. 



and the mapping fi\-^ K^(A- H^)" 7/ is one-to-one. ■ 

Due to Thm.3.21, Ker (id - K^A{A)) is of finite dimensional. Hence, Ker:B^"\A) is 
also finite dimensional for any n > I. This and Eg. (13. 331) prove that IloiX(Q) is a finite 
dimensional space. By Thm.3.16, IloiX(Q) = Vq, which completes the proof of Thm. 3. 19 
(ii). ■ 

3.7 Semigroups 

In this subsection, we suppose that 

(SI) The operator V-Tr = V--T(// -I- K) generates a C'^-semigroup e^^^' on "K. 

For example, this is true when K is bounded on 'K or T is selfadjoint. By the Laplace 

inversion formula (12.51) . the semigroup is given as 



(e^"V,0) 



1 



2n^^l- 



lim 



X- V-iy 



^ifr,(p)dA, x,yeR, (3.47) 



where the contour is a horizontal line in the lower half plane below the spectrum of T. 
In Sec. 2, we have shown that if there is an eigenvalue of T on the lower half plane, 
e ^^^' diverges as f ^ 00, while if there are no eigenvalues, to investigate the asymptotic 
behavior of e^'^^' is difficult in general. Let us show that resonance poles induce an 
exponential decay of the semigroup. 

We use the residue theorem to calculate Eg. (13. 471) . Let Aq e Q.he an isolated resonance 
pole of finite multiplicity. Suppose that the contour y is deformed to the contour y', which 
lies above Aq, without passing the generalized spectrum &(T) except for Aq, see Figl^l For 
example, it is possible under the assumptions of Thm. 3. 19. Recall that if 1/^, e X(Q), 
({A - Ty^if/,(p) defined on the lower half plane has an analytic continuation {Kiilj\(p) 
defined on ri U / U {/I | Im(^) < 0} (Thm.3.12). Thus we obtain 

(e^^V,0) = ^— { e'^''\%,il,\iP)dA \= { e'^'"{%,il,\iP)dA, (3.48) 

where 70 is a sufficiently small simple closed curve enclosing Aq. Let K^ = TjJ=~m('^o - 
/l)^£'ybe a Laurent series of '^^ as the proof of Thm.3.16. Due to Eg. (13. 291) and £^1 = -Ho, 



27 



we obtain 

M-l 



1 r (- \P^t')'' 



2;rV^ 



'W k=Q 



where Ho is the generalized projection to the generalized eigenspace of Aq. Since Im(/lo) > 
0, this proves that the second term in the right hand side of Eq. (l3.48l) decays to zero as 
t ^> CO. Such an exponential decay (of a part of) the semigroup induced by resonance 
poles is known as Landau damping in plasma physics |i5j, and is often observed for 
Schrodinger operators |fT9l . A similar calculation is possible without defining the gen- 
eralized resolvent and the generalized spectrum as long as the quantity {{A - Ty^ij/, (p) has 
an analytic continuation for some ip and (p. Indeed, this has been done in the literature. 

Let us reformulate it by using the dual space to find a decaying state corresponding to 
/Iq. For this purpose, we suppose that 

(S2) the semigroup {(e ^0*}f>o is an equicontinuous Co semigroup on X(fl). 

Then, by the theorem in IX- 13 of Yosida |l27l, the dual semigroup {e^^'^'T = ((e^^^'y)' 
is also an equicontinuous Co semigroup generated by V-Tr^. A convenient sufficient 
condition for (S2) is that: 

(S2)' K*\x(n) is bounded and {e^'^^'}t>o is an equicontinuous Co semigroup on X(Q.). 

Indeed, the perturbation theory of equicontinuous Co semigroups Il23]| shows that (S2)' 
implies (S2). By using the dual semigroup, Eq. (l3.47l) is rewritten as 



(e^^OV= ^lim e'^^^iA^A (3.49) 

27rV^-^-^"J-A-V^y 

for any i/r e iX(Q). Similarly, Eq. (l3.48l) yields 

(,V^^')V = — ^ e-^'^K.^dA - y ,V^''«^il-f^(io - rX)%<A, (3.50) 

when Aq is a generalized eigenvalue of finite multiplicity. For the dual semigroup, the 
following statements hold. 

Proposition 3.23. Suppose (SI) and (S2). 
(i) A solution of the initial value problem 

^^ = V^rx^, ^(0) = lu 6 D(rx), (3.51) 

at 

in X(Q.y is uniquely given by ^(t) = (e^^^'y^. 

(ii) Let Ao be a generalized eigenvalue and /uq a corresponding generalized eigenfunction. 

Then, (e'^^Tl^o = e^-^^'/zo- 

(iii) Let IIo be a generalized projection for Aq. The space IloiX(Q) is (e^'^^')^ -invariant: 

(e ) iio - iio(e ) lixio.)- 
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Proof. Since {(e ^0^}<>o is an equicontinuous Q semigroup generated by V-Tr^, (i) 
follows from the usual semigroup theory Il27ll . Because of Thm.3.5, we have V-Tr^//o = 
V^/io)"o- Then, 

at 

Thus ^(0 = e^^'^^'juo is a solution of the equation (13.511) . By the uniqueness of a solution, 
we obtain (ii). Because of Prop. 3. 13 (iii), we have 



^n.ie^'^ry = Ki ■ (e'^'T ^IT^y = V^r^ (^R^e'^^r) \iY. 

Hence, both of (e^^'^')'"RA and 'RAie^^^')'' are solutions of the equation (13.511) . By the 
uniqueness, we obtain (e^^^')^'RA\iY = "^iC^ ^O^Lt- Then, the definition of the pro- 
jection Ho proves (e'^^')''no|,T = no(e'^^')''LT with the aid of Eq. (IX25l) . Since Y is 
dense in X{Q.) and both operators (e^^^')^Ilo ° i and Ilo{e^^^')^ o ? = Ho o / o e^^^' are 
continuous on X{Q.), the equality is true on iX{Q.). ■ 

By Prop. 3. 14, any usual function e X(Q.) is decomposed as (0| = fi\ + fU2 with 
yUi G no?X(Q) and //2 e ('^ - Tlo)iX{Q.) in the dual space. Due to Prop. 3. 23 (iii) above, 
this decomposition is (e^^^O^-invariant. When Aq e Q, (e^^^')^^i e IloiX(Q) decays 
to zero exponentially as ? ^ oo. Eq. (l3.50l) gives the decomposition explicitly. Such an 
exponential decay can be well observed if we choose a function, which is sufficiently 
close to the generalized eigenfunction /uo, as an initial state. Since X(Q.) is dense in X{Q.y 
and since (e^^^')^ is continuous, for any T > and s > 0, there exists a function 00 in 
X(Q) such that 

K(e^^O"0o I <A) - ((e^^'OV) I <A)I < e, 
for < r < r and (/^ G X(Q). This implies that 

(e^^Vo, <A) - ((e^'^OVo I «A) = e^'«'<yUo I Ijf), (3.52) 

for the interval < t < T. Thus generalized eigenvalues describe the transient behavior 
of solutions. 

An interesting situation occurs when / = R and Q. includes a strip {/1 1 < Im(/l) < a} 
for some a > 0. Suppose that the generalized spectrum d-(T) in the region {A | lm{A) < a} 
consists of a finite number of generalized eigenvalues of finite multiplicities. Let Aj, Mj 
and Ilj{j = 0,- ■ ■ ,N = N(a)) be generalized eigenvalues in {A \ lm{A) < a}, their mul- 
tiplicities and projections, respectively. In this case, the residue theorem proves that the 
semigroup is given by 

(e^^V,0) = ^lim e'^'"{nAip\<p)dA 

;=0 A:=0 
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for (p,il/ £ X{Q.) as long as the integral in the first term converges (for the convergence, we 
need an additional assumption for the growth rate of E[t(f, (p](oj)). Since the first term in 
the right hand side above decays with the order 0(e~"') as t ^ oo, (e^^^'i//, (p) decays to 
zero exponentially if there are no generalized eigenvalues on the real axis and the lower 
half plane. 

A Pettis integrals and vector valued holomorphic func- 
tions on the dual space 

The purpose in this Appendix is to give the definition and the existence theorem of Pettis 

integrals. After that, a few results on vector- valued holomorphic functions are given. For 

the existence of Pettis integrals, the following property 

(CE) for any compact set K, the closed convex hull of K is compact, 

which is sometimes called the convex envelope property, is essentially used. For the 

convenience of the reader, sufficient conditions for the property are listed below. We also 

give conditions for X to be barreled because it is assumed in (X3). Let X be a locally 

convex Hausdorfi" vector space, and X' its dual space. 

• The closed convex hull cd(K) of a compact set A" in X is compact if and only if 
coiK) is complete in the Mackey topology on X (Krein's theorem, see Kothe lfT4ll . 

§24.5). 

• X has the convex envelope property if Z is quasi-complete. 

• If X is bornological, the strong dual X' is complete. In particular, the strong dual of 
a metrizable space is complete. 

• If X is barreled, the strong dual X' is quasi-complete. In particular, X' has the 
convex envelope property. 

• Montel spaces, Frechet spaces, Banach spaces and Hilbert spaces are barreled. 

• The product, quotient, direct sum, (strict) inductive limit, completion of barreled 
spaces are barreled. 



See Treves I125B for the proofs. 

Let X be a topological vector space over C and (5,yu) a measure space. Let f : S ^ X 
be a measurable X-valued function. If there exists a unique If e X such that (^ | If) = 
j{^ I f)diJ. for any ^ e X', // is called the Pettis integral of /. It is known that if X is a 
locally convex Hausdorff vector space with the convex envelope property, 5* is a compact 
Hausdorff space with a finite Borel measure /i, and if / : 5 ^ X is continuous, then the 
Pettis integral of/ exists (see Rudin 11211 ). In Sec. 3. 5, we have defined the integral of the 
form jK^^dA, where K^i^ is an element of the dual X(Q)'. Thus our purpose here is to 
define a "dual version" of Pettis integrals. 

In what follows, let X be a locally convex Hausdorff vector space over C, X' a strong 
dual with the convex envelope property, and let 5 be a compact Hausdorff space with 
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a finite Borel measure //. For our purpose in Sec. 3. 5, S is always a closed path on the 
complex plane. Let f : S ^ X' be a continuous function with respect to the strong dual 
topology on X'. 

Theorem A.l. (i) Under the assumptions above, there exists a unique /(/) e X' such that 



L 



{I(f)\x) = j{f\x)dfi (A.l) 

for any x e X. 1(f) is denoted by /(/) = Lfdjx and called the Pettis integral of /. 

(ii) The mapping / i-^ /(/) is continuous in the following sense; for any neighborhood 
U of zero in X' equipped with the weak dual topology, there exists a neighborhood V of 
zero in X' such that if f{s) &V for any s e S , then /(/) 6 U. 

(iii) Furthermore, suppose that X is a barreled space. Let T be a linear operator densely 
defined on X and T' its dual operator with the domain D(r') c X'. If f{S) c D(r') and 
the set {{T'f{s) \ x)},^s is bounded for each jc 6 X, then, /(/) g D(r') and T'I{f) = I{T'f) 
holds; that is, 

r ffdiu= fr/dfi (A.2) 

Js Js 

holds. 

The proof of (i) is done in a similar manner to that of the existence of Pettis integrals 
on X [jni. Note that T is not assumed to be continuous for the part (iii). When T is 
continuous, the set {{T'f(s) \ x)}ses is bounded because T' and / are continuous. 

Proof. At first, note that the mapping (• | x) : X' -^ C is continuous because X can be 
canonically embedded into the dual of the strong dual X'. Thus (/(•) \x) : S ^ C is 
continuous and it is integrable on the compact set S with respect to the Borel measure. 

Let us show the uniqueness. If there are two elements h{f),h{f) £ ^' satisfying 
Eq. dA.ll) . we have </i(/) | x) = (hif) I x) for any x e X. By the definition of X', it follows 

h(f) = h{f). 

Let us show the existence. We can assume without loss of generality that X is a vector 
space over R and // is a probability measure. Let L c X be a finite set and put 

Vdf) = Vl := {x' 6 X' I {x' I x) = [if I x)dfi, \/x G L}. (A.3) 



Since (• | ;>i;) is a continuous mapping, Vl is closed. Since / is continuous, f(S) is compact 
in X'. Due to the convex envelope property, the closed convex hull co(/(5)) is compact. 
Hence, Wl := Vl n co(/(5)) is also compact. By the definition, it is obvious that Wi^ n 
Wl2 = WliuL2- Thus if we can prove that Wl is not empty for any finite set L, a family 
{VV^LlLsifiniteseti has the finite intersection property. Then, O^Wl is not empty because 
cd(f(S)) is compact. This implies that there exists /(/) e Hl ^l such that </(/) | x) = 
j{f I x)dfi for any x &X. 

Let us prove that Wi is not empty for any finite set L = {xi, • • • , a;„} c X. Define the 
mapping X : X' ^ R" to be 

£(x) = {{x\xi),--- ,{x'\x„)). 
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This is continuous and £.{f{S)) is compact in R". Let us show that the element 

y:=lj{f\xi)diu,---,J{f\xn)dM] (A.4) 

is included in the convex hull co(£(f(S))) of £(f(S)). If otherwise, there exist real 
numbers Ci, ■ • ■ ,c„ such that for any (zi, • • • ,z„) 6 co{£.{f{S))), the inequality 

11 n 

Y^ CiZi < Y^ CiJi, y = {y^,---, 3;,,) 
(=1 (=1 

holds (this is a consequence of Hahn-Banach theorem for R"). In particular, since -C{f(S )) c 
co(X(/(5))), 

n n 

1=1 i=l 

Integrating both sides (in the usual sense) yields 2;'=i c,y, < Xi"=i c;j,. This is a contra- 
diction, and therefore y e co(£,(f(S))). Since X is linear, there exists v e co(f{S)) such 
that ^^ = X(v). This implies that v 6 V^ n co(f(S)), and thus W^^ is not empty. By the 
uniqueness, Hl ^l = {^(/)}- Part (ii) of the theorem immediately follows from Eq. dA.ll) 
and properties of the usual integral. 

Next, let us show Eq. (IA.2l) . When X is a barreled space, /(/) is included in D(r') so 
that T'I{f) is well defined. To prove this, it is sufficient to show that the mapping 



x^{I{f)\Tx)= f{f\Tx)dfi= f{T'f\x)dfx 
Js Js 



from D(r) c X into C is continuous. By the assumption, the set {{T'f{s) \ x)}ses is 
bounded for each x e X. Then, Banach-Steinhaus theorem implies that the family 
{T'f{s)}ses of continuous linear functionals are equicontinuous. Hence, for any s > 0, 
there exists a neighborhood U of zero in X such that \{T'f{s) \x)\ < s for any s & S 
and X e U. This proves that the above mapping is continuous, so that /(/) 6 D(r') and 

T'i(f) = rr]LWL. 

For a finite set L <z X, put 



VdT'f) = {x' e X' \{x' \x)= I {T'f \ x)dfx, Vx e L}, 

rVrdf) = [T'x 6 n / e D(r'), {x \ x) = f{f \ x)dn, Vx G TL}. 

Put Wdf) = Vdf) n -EdifiS)) as before. It is obvious that ^i^Wdf) c Rl W^rL(/). 
Therefore, 

{ri{f)] = r^wdf)^r^WTL{f)r\D{T') 

L L 

L 

c P(ry7^(/)nr^(/(S))nR(r)). 



L 
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On the other hand, ify' 6 T'VTtif), there exists x' e X' such that / = T'x' and (x' \ x) = 
J{f I x)diu for any x e TL. Then, for any x e LC\ D{T), 

(^'\x) = {rx'\x) = {x'\Tx)= f{f\Tx)diu= f{T'f\x)diu. 

Js Js 

This implies that)^' e VLnD{T){T'f), and thus T'VtlH) c yLnD{T){T' f). Hence, we obtain 
{T'I{f)} c Pi \/LnD(r)(7^7) n WiT'fiS)) = f] WLnDiT^iT'f). 

L L 

If (x' I jc) = r(/ 1 x)diJ. for dense subset of X, then it holds for any x e X. Hence, we have 
iKT'f)} = f] WdT'f) = f] Wi^o(T)(T'f) D {T'Kf)}. (A.5) 

L L 

which proves r7(/) = I(T'f). ■ 

Now that we can define the Pettis integral on the dual space, we can develop the "dual 
version" of the theory of holomorphic functions. Let X and X' be as in Thm.A.l. Let 
/ : D ^ X' be an X'- valued function on an open set D c C. 

Definition A.2. (i) / is called weakly holomorphic if (/ 1 x) is holomorphic on D in the 
classical sense for any x e X (more exactly, it should be called weak-dual-holomorphic). 
(ii) / is called strongly holomorphic if 

lim (/(zo) - f(z)) , (the strong dual limit) (A.6) 

a-»z Zq- Z 

exists in X' for any z e D (more exactly, it should be called strong-dual-holomorphic). 

Theorem A.3. Suppose that the strong dual X' satisfies the convex envelope property and 
f : D ^> X' is weakly holomorphic. 

(i) If / is strongly continuous, Cauchy integral formula and Cauchy integral theorem hold: 



f(z) = 1= I —dzo, I fizo)dzo = 0, 

2ny-l JyZo - z Jy 



where y c D is a closed curve enclosing z & D. 

(ii) If / is strongly continuous and if X' is quasi-complete, / is strongly holomorphic and 

is of C~ class. 

(iii) If X is barreled, the weak holomorphy implies the strong continuity. Thus (i) and (ii) 

above hold; / is strongly holomorphic and is expanded in a Taylor series as 



f(z) = / ; — (z - a)", (strong dual convergence), (A. 7) 



n! 



near a £ D. Similarly, a Laurent expansion and the residue theorem hold if / has an 
isolated singularity. 
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Proof, (i) Since / is continuous with respect to the strong dual topology, the Pettis integral 



1 Cfizo), 

—;= dzQ 

V-1 -'y^O -Z 

exists. By the definition of the integral, 



Kz) = ^ 



{I(z) I x) = -= dzo 



In V^ -Jy ^0 

for any x^X. Since (/(z) | x) is holomorphic in the usual sense, the right hand side above 
is equal to (/(z) | x). Thus we obtain /(z) = /(z), which gives the Cauchy formula. The 
Cauchy theorem also follows from the classical one. 

(ii) Let us prove that / is strongly holomorphic at zo- Suppose that zo = and /(zo) = 
for simplicity. By the same way as above, we can verify that 

m ^ 1 r /(zo) ^.^ 



1 r/ao), , z c /(^o) . 

V-1 Jy Z() 2;rV-l JyWo-z) 



Since X' is quasi-complete, the above converges as z ^ to yield 

f (0) := Im = -= -^-dzo. 

^^0 z InyTTJy zl 

In a similar manner, we can verify that 

dz" 2nyriJy(zo-z)"+^ 

exists for any n = 0,1,2,- ■■ . 

(iii) If Z is barreled, weakly bounded sets in X' are strongly bounded (see Thm.33.2 of 
Treves Il25]| ). By using it, let us prove that a weakly holomorphic / is strongly continuous. 
Suppose that /(O) = for simplicity. Since (/(z) I x) is holomorphic in the usual sense, 
Cauchy formula provides 

</(z)U) 1 r 1 (f(zo)\x)^ 

-dzo. 



— f— 

V-T JyZo ~ 



z 2nyr^ JyZo-z Zo 

Suppose that \z\ < S and y is a circle of radius 26 centered at the origin. Since (/(•) | x) is 
holomorphic, there exists a positive number M such that K/(zo) I -''^)l < M for any zo 6 7- 
Then, 

if(z)\x) 



1 1 M , M 

< 4n6= —. 

2n 6 26 6 

This shows that the set 5 := {f{z)/z I \z\ < 6} is weakly bounded in X' . Since X is bar- 
reled, B is strongly bounded. By the definition of bounded sets, for any convex balanced 
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neighborhood U of zero in X' equipped with the strong dual, there is a number t > such 
that tB c U . This proves that 

f{z)-f{0) = f{z)^-U^-U 

for |z - 0| < 6, which implies the continuity of / with resect to the strong dual topology. 

If Z is barreled, X' is quasi-complete and has the convex envelope property. Thus the 
results in (i) and (ii) hold. 

Finally, let us show that f{z) is expanded in a Taylor series around a e D. Suppose 
a = for simplicity. Let us prove that 






forms a Cauchy sequence with respect to the strong dual topology. It follows from (IA.8I) 
that 



n\ 2n^^lJr C 



for any x e X. Suppose that y is a circle of radius 26 centered at the origin. There exists 
a constant M^ > such that K/(zo) I -^)l < ^x for any zo 6 y, which implies that the set 
{/(zo) I Zo e y} is weakly bounded. Because X is barreled, it is strongly bounded. There- 
fore, for any bounded set B G X, there is a positive number Mb such that K/(zo) I x)\ < Mb 
for X e B and zo e y. Then, we obtain 






1 Mb . ^ Mb 



In (2(J)"+i (2(J)" 



By using this, it is easy to verify that {(5„, | -v:)},^=o ^^ ^ Cauchy sequence uniformly in 
X £ B when |z| < 6. Since X' is quasi-complete, 5„, converges as /« ^ oo in the strong 
dual topology. By the Taylor expansion in the classical sense, we obtain 

°° 1 jfj °° 1 

Since lim,„^oo S,„ exists and < • | jc) : X' ^ C is continuous, we have 

CO ^ 

{fiz)\x) = {y-f"\0)f\x), 

for any x e X. This proves Eq. (IA.7l) for a = 0. The proof of a Laurent expansion, when 
/ has an isolated singularity, is done in the same way. Then, the proof of the residue 
theorem immediately follows from the classical one. ■ 

Remark. In a well known theory of Pettis integrals on a space X ETll . not a dual X' , we 
need not assume that X is barreled because every locally convex space X has the property 
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that any weakly bounded set is bounded with respect to the original topology. Since the 
dual X' does not have this property, we have to assume that X is barreled so that any 
weakly bounded set in X' is strongly bounded. 
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